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Let A denote the class of functions of the form
fðzÞ ¼ zþ
X1
k¼2
akz
k; ð1:1Þ
which are analytic in the open unit disk U ¼ fz 2 C : jzj < 1g.
Suppose that f and g are analytic in U. We say that the func-
tion f is subordinate to g inU, or g superordinate tof inU , and
we write fp g or f(z)p g(z) z 2 Uð Þ, if there exists an ana-
lytic function xin U with x (0) = 0 and Œx(z)Œ< 1, such that
fðzÞ ¼ gðxðzÞÞðz 2 UÞ. If g is univalent inU, then the following
equivalence relationship holds true (see [9]):
fðzÞ  gðzÞ $ fð0Þ ¼ gð0Þ and fðUÞ  gðUÞ:ptian Mathematical Society.
g by Elsevier
ing by Elsevier B.V. on behalf of E
2.011S be the subclass of A consisting of univalent functions.
Let /(z) be an analytic function with positive real part with
/ such that /(0) = 1, /0(0) > 0 which maps the unit disk U
onto a region starlike with respect to 1 which is symmetric with
respect to the real axis. Let Sð/Þ be the class of functions
f 2S for which
zf0ðzÞ
fðzÞ  /ðzÞ; ð1:2Þ
and Cð/Þ class of functions in f 2S for which
1þ zf
00ðzÞ
f0ðzÞ  /ðzÞ: ð1:3Þ
These classes were introduced and studied by Ma and
Minda [8]. Ravichandran et al. [12] deﬁned classes Sbð/Þ
and Cbð/Þ of complex order as
Sð/; bÞ ¼ f 2A : 1þ 1
b
zf0ðzÞ
fðzÞ  1
 
 /ðzÞ ðb 2 C ¼ C n f0gÞg; ð1:4Þ
and
Cð/; bÞ ¼ f 2A : 1þ 1
b
zf00ðzÞ
f0ðzÞ  /ðzÞ ðb 2 C
Þ
 
: ð1:5Þgyptian Mathematical Society. Open access under CC BY-NC-ND license.
On uniﬁed subclass of univalent functions of complex order 195From (1.4) and (1.5), we obtainf 2 Cð/; bÞ $ zf0 2Sð/; bÞ: ð1:6Þ
For functions f 2A, Sala˘gea˘n [5] deﬁned the linear
operator Dm :A!Aðm 2 N0 ¼ N [ f0g;N ¼ f1; 2; 3; . . .gÞ
by:D0fðzÞ ¼ fðzÞ;
D1fðzÞ ¼ DfðzÞ ¼ z f0ðzÞ ¼ zþ
X1
k¼2
kakz
k;
and (in general)
DmfðzÞ ¼ D Dm1fðzÞ  ¼ zþX1
k¼2
kmakz
k: ð1:7Þ
From (1.7), we can easily deduce that
Dmþ1fðzÞ ¼ zðDmfðzÞÞ0: ð1:8ÞUsing the operator Dm, we deﬁne a subclass Tmð/; k; bÞ of
the class A as follows:
Deﬁnition 1. Let /(z) be an analytic function with positive real
part on / with /(0) = 1, /0(0) > 0 which maps U onto a
region starlike with respect to 1 which is symmetric with
respect to the real axis. Then the class Tmð/; k; bÞ consists of
all analytic functions f 2A satisfying:1þ 1
b
1 kð ÞD
mþ1fðzÞ
DmfðzÞ þ k
Dmþ2fðzÞ
Dmþ1fðzÞ  1
 	
 /ðzÞ ðb
2 C; kP 0;m 2 N0Þ: ð1:9Þ
We note that
(i) T0ð/; 0; bÞ ¼Sð/; bÞ and T0ð/; 1; bÞ ¼ Cð/; bÞ [12];
(ii) T0ð/; 0; 1Þ ¼Sð/Þ and T0ð/; 1; 1Þ ¼ Cð/Þ [8];
(iii) T0 1þð12aÞz
1z ; 0; b

 
¼SaðbÞ and T0 1þð12aÞz1z ; 1; b

 
¼ CaðbÞð0 6 a < 1; b 2 CÞ [14];
(iv) T0 1þz
1z ; 0; b
  ¼T0 1þð2b1Þz
1z ; 0; 1

 
¼SðbÞ [6];
(v) T0 1þz
1z ; 1; b
  ¼T0 1þ 2b1ð Þz
1z ; 1; 1

 
¼ CðbÞ [3,2];
(vi) T0 1þð12aÞz
1z ; 0; 1

 
¼T0 1þz
1z ; 0; 1 a
  ¼SðaÞ and
T0
1þ 1 2að Þz
1 z ; 1; 1
 
¼T0 1þ z
1 z ; 1; 1 a
 
¼ CðaÞð0 6 a < 1Þ
(Robertson [1]);
(vii) T0 1þz
1z ;0;be
ic cosc
 ¼ScðbÞ and T0 1þz
1z ;1;be
ic cosc
 ¼
CcðbÞ jcj< p
2
;b2C  [10,11].
Motivated essentially by the aforementioned works, we ob-
tain certain necessary and sufﬁcient conditions for the uniﬁed
class Tmð/; k; bÞ which we have deﬁned. The motivation of
this paper is to generalize the results obtained by Ravichan-
dran et al. [12], Aouf et al. [11], Srivastava and Lashin [13]
and also Obradovic et al. [7].2. Main results
Unless otherwise mentioned, we assume throughout the sequel
that b 2 C; kP 0;m 2 N0 and all powers are understood as
principle values. To prove our main result, we need the follow-
ing lemmas.
Lemma 1 [4]. Let / be a convex function deﬁned on
U;/ð0Þ ¼ 1. Deﬁne F(z) by
FðzÞ ¼ z exp
Z z
0
/ðtÞ  1
t
dt
 
: ð2:1Þ
Let p(z) = 1 + p1z + p2z
2 + . . . be analytic in U. Then
1þ zq
0ðzÞ
qðzÞ  /ðzÞ: ð2:2Þ
if and only if for all ŒsŒ 6 1 and ŒtŒ 6 1, we have
pðtzÞ
pðszÞ 
sFðtzÞ
tFðszÞ : ð2:3Þ
Lemma 2 [9]. Let q(z) be univalent in U and let u(z) be ana-
lytic in a domain containing qðUÞ. If zq0ðzÞ
qðzÞ is starlike, then
zp0ðzÞuðpðzÞÞ  zq0ðzÞuðqðzÞÞ;
then p(z)p q(z) and q(z) is the best dominant.
Theorem 1. Let /(z) and F(z) be as in Lemma 1. The function
f 2Tð/; k; bÞ if and only if for all ŒsŒ 6 1 and ŒtŒ 6 1, we haves
t
DmfðtzÞ
DmfðszÞ
 1k
Dmþ1fðtzÞ
Dmþ1fðszÞ
 k" #1b
 sFðtzÞ
tFðszÞ : ð2:4Þ
Proof. Deﬁne the function p(z) by
pðzÞ ¼ D
mfðzÞ
z
Dmþ1fðzÞ
DmfðzÞ
 k" #1b
ðz 2 UÞ: ð2:5Þ
Taking logarithmic derivative of (2.5), we get
1þ zp
0ðzÞ
pðzÞ ¼ 1þ
1
b
ð1 kÞD
mþ1fðzÞ
DmfðzÞ þ k
Dmþ2fðzÞ
Dmþ1fðzÞ  1
 	
:
Since f 2Tð/; k; bÞ, then we have
1þ zp
0ðzÞ
pðzÞ  /ðzÞ;
and the result now follows from Lemma 1. h
Putting m= 0 and k= 0 in Theorem 1, we obtain the fol-
lowing result of Shanmugam [15].
Corollary 1. Let /(z) and F(z) be as in Lemma 1. The function
f 2Sð/; bÞ if and only if for all ŒsŒ 6 1 and ŒtŒ 6 1, we have
sfðtzÞ
tfðszÞ
 1
b
 sFðtzÞ
tFðszÞ : ð2:6Þ
196 T.M. SeoudyFor m= 0 and k= 1 in Theorem 1, we obtain the follow-
ing result of Shanmugam [15].
Corollary 2. Let /(z) and F(z) be as in Lemma 1. The function
f 2 Cð/; bÞ if and only if for all ŒsŒ 6 1 and ŒtŒ 6 1, we have
f0ðtzÞ
f0ðszÞ
 1
b
 sFðtzÞ
tFðszÞ : ð2:7Þ
Theorem 2. Let /(z) be starlike with respect to 1 and F(z)
given by (2.1) be starlike. If f 2Tmð/; k; bÞ, then we have
DmfðzÞ
z
Dmþ1fðzÞ
DmfðzÞ
 k
 FðzÞ
z
 b
: ð2:8Þ
Proof. Let p(z) be given by (2.5) and q(z) be given by
qðzÞ ¼ FðzÞ
z
ðz 2 UÞ: ð2:9Þ
After a simple computation we obtain
1þ zp
0ðzÞ
pðzÞ ¼ 1þ
1
b
ð1 kÞD
mþ1fðzÞ
DmfðzÞ þ k
Dmþ2fðzÞ
Dmþ1fðzÞ  1
 	
:
and
zq0ðzÞ
qðzÞ ¼
zF0ðzÞ
FðzÞ  1 ¼ /ðzÞ  1:
Since f 2Tmð/; k; bÞ, we have
zp0ðzÞ
pðzÞ 
zq0ðzÞ
qðzÞ :
The result now follows by an application of Lemma 2. h
Taking k= m= 0 in Theorem 2, we get the following re-
sult of Shanmugam [15].
Corollary 3. Let /(z) be starlike with respect to 1 and F(z)
given by (2.1) be starlike. If f 2Sð/; bÞ, then we have
fðzÞ
z
zf0ðzÞ
fðzÞ
 k
 FðzÞ
z
 b
:
Taking m= 0 and /ðzÞ ¼ 1þAz
1þBz ð1 6 B < A 6 1Þ in Theo-
rem 2, we get the following corollary
Corollary 4. If f 2T 1þAz1þBz ; k; b

 
ð1 6 B < A 6 1Þ, then we
have
fðzÞ
z
zf0ðzÞ
fðzÞ
 k
 ð1þ BzÞðABÞbB ðB–0Þ:
For m ¼ 0;/ðzÞ ¼ 1þz
1z and k= 0 in Theorem 2, we get the
following result of Obradovic et al. [7], and Srivastava and La-
shin [13].Corollary 5. If f 2SðbÞ, then we have
fðzÞ
z
 ð1 zÞ2b:
For m ¼ 0;/ðzÞ ¼ 1þz
1z and k= 1 in Theorem 2, we get the
following result of Obradovic et al. [7], and Srivastava and La-
shin [13].Corollary 6. If f 2 CðbÞ, then we have
f0ðzÞ  ð1 zÞ2b:
For m ¼ 0; k ¼ 0;/ðzÞ ¼ 1þz
1z and replacing b by
beic cos c jcj < p
2
; b 2 C  in Theorem 2, we get the following
result of Aouf et al. [11].
Corollary 7. If f 2ScðbÞ, then we have
fðzÞ
z
 ð1 zÞ2beic cos c:
For m ¼ 0; k ¼ 1;/ðzÞ ¼ 1þz
1z and replacing b by
beic cos c jcj < p
2
; b 2 C  in Theorem 2, we get the following
result of Aouf et al. [11].
Corollary 8. If f 2 CcðbÞ, then we have
f0ðzÞ  ð1 zÞ2beic cos c:Acknowledgement
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